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Dynamical symmetries of generalized Taub-NUT and multi-center metrics
J.-P. Ngome
International Basic Sciences Programme (IBSP),
UNESCO, 1 rue Miollis, 75015 Paris, France. ∗
Hidden symmetries of generalized Kaluza-Klein-type metrics are studied using van Holten’s system-
atic analysis [1] based on Killing tensors. Applied to generalized Taub-NUT metrics, Kepler-type
symmetries with associated Runge-Lenz-type conserved quantities are constructed. In the multi-
center case, the subclass of two-center metrics gives rise to a conserved Runge-Lenz-type scalar,
while no Kepler-type constant of the motion does exist for non aligned (N ≥ 3)-centers. We also
investigated the diatomic molecule system of Wilczek et al. where “truly” non-Abelian gauge fields
mimicking monopole-like fields arised. From the latter system we deduced a new conserved charge.
PACS numbers: 11.30.-j,11.15.Kc
I. INTRODUCTION TO KALUZA-KLEIN
THEORIES
Kaluza-Klein (KK) theories have been extensively
studied as schemes attempting to unify gravitation and
gauge theory [2, 3], through the physical assumption that
the world admits, in addition to 4D space-time, an un-
observable extra dimension. Thus, ordinary general rel-
ativity in five dimensions is considered to possess a local
U(1) gauge symmetry arising from a “vertical” transla-
tion along the hidden extra dimension.
A perfect illustration of the KK framework has been
given by the Sorkin, then Gross and Perry solution
of the vacuum Einstein equation, involving an Abelian
monopole potential [4, 5] which carries, unexpectedly,
Kepler-type dynamical symmetries. Further examples
are provided by the multi-center metrics [6–9] for which
similar hidden symmetry properties have been revealed.
Let us consider the 5D KK metric tensor,
gAB =
(
γµν + V AµAν AµV
AνV V
)
,
A,B = 0, · · · , 4; µ, ν = 0, · · · , 3; A0 = 0 ,
(1)
where the 5D manifold can be viewed as a direct product
of a 4D space-time (where x0 is the time coordinate) with
an unobservable space-like loop, M4⊗S1, and where all
components of gAB are independent of the extra coor-
dinate x4. Here γµν is the metric of the 4D manifold
M4. From (1), the dynamics of a classical point-like test
particle of unit mass is given by the 5D geodesic motion,
d2xA
dτ2
+ ΓABC
dxB
dτ
dxC
dτ
= 0 , (2)
where τ denotes the proper time. Using the effective the-
ory (1) in (2), a routine calculation yields the equations
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of the motion,


d
dτ
(
V Aµ
dxµ
dτ
+ V
dx4
dτ
)
=
dq
dτ
= 0 ,
d2xµ
dτ2
+ Γµνλ
dxν
dτ
dxλ
dτ
− qFµλ
dxλ
dτ
−
q2
2
∂µV
V 2
= 0 .
(3)
Here the xµ are the coordinates on the 4D Manifold M4
while x4 represents the “extra” coordinate. The first
equation in (3) tells us that the “charge”,
q = V
(
Aµ
dxµ
dτ
+
dx4
dτ
)
, (4)
is conserved along the 5D geodesics. The latter can also
be viewed as being associated with translations in the
“extra” direction, generated by the Killing vector ∂x4 .
The second equation in (3) is a 4D geodesic equation
involving an interaction with the scalar field V in
addition to the Lorentz force . See [10–12] for further
references.
The non-Abelian generalization of the 5D
KK approach was given by Kerner [13]
through generalizing the previous 5D man-
ifold to a (4+d)-dimensional one, namely
M = M4 ⊗ Sd whose base space M4 is the usual
space-time and where Sd represents an unobservable
d-dimensional extra space. Here the (4+d)D diffeomor-
phism symmetry is broken to 4D infinitesimal coordinate
transformations augmented with translations along the
extra dimensions,
xµ → xµ + δxµ , ya → ya + f i(xν )ξai (y) , (5)
where f i(xν) are infinitesimal functions and ξai denot-
ing the isometry generators on the compact manifold Sd.
The (4+d)D generalized metric, invariant under (5), then
reads
g˜CD =
(
γµν + κabB
a
µB
b
ν B
b
µκba
κabB
a
ν κab
)
,
2where κab represents the SU(d− 1) invariant metric on
Sd, and Baµ = A
b
µ ξ
a
b includes the SU(d− 1) Lie algebra
valued one-form Abµ , identified as a Yang-Mills field.
We can now deduce the geodesic equations which yield
the equations of motion of an isospin-carrying particle in
a curved space plus a Yang-Mills field,

DτIc =
dIc
dτ
− Iaε
a
bcA
b
µ
dxµ
dτ
= 0 ,
d2xβ
dτ2
+ Γβµν
dxµ
dτ
dxν
dτ
+ γνβF bµνIb
dxµ
dτ
= 0 .
(6)
Analogously to the Abelian case (3), the first equation in
the pair (6) identifies the classical isospin variable,
Ia = κab
(
dyb/dτ +Abνdx
ν/dτ
)
,
which is parallel transported and describes the motion in
non-Abelian internal space. The isospin is analogous to
the electric charge in the Abelian KK theory. Indeed, it
is also obtained by contracting the Killing vector which
generates the “vertical” translations with the direction
field of the geodesic. The second equation in (6) still
describes the motion in 4D real space. Note here the
generalized Lorentz force
γνβF bµνIb(dx
µ/dτ )
due to the Yang-Mills field and with the electric charge
replaced by the isospin.
The equations (6) are known as the Kerner-Wong
equations, as they were also obtained by Wong [14] by
“dequantizing” the Dirac equation. They can be derived
from a variational principle [15]; alternatively, they can
be studied using a symplectic approach [16, 17].
II. VAN HOLTEN’S METHOD TO DERIVE THE
CONSTANTS OF THE MOTION
Now, inquiring about the symmetries of the KK-type
metrics, we recall that constants of the motion denoted
as Q , which are polynomial in the momenta, can be
derived following van Holten’s algorithm [1, 18]. The
recipe is to expand Q into a power series of the covariant
momentum,
Q = C + CiΠi +
1
2!
Cij ΠiΠj +
1
3!
Cijl ΠiΠjΠl + · · ·
and to require Q to Poisson-commute with the
Hamiltonian augmented with an effective potential,{
Q ,H = ~Π2/2 +G(~x)
}
= 0. This yields the series of
constraints,

Cm∂mG = 0 o(0)
∂nC = qFnmC
m + C mn ∂mG o(1)
D(iC l) = q(FimC
m
l + FlmC
m
i ) + C
k
il ∂kG o(2)
D(iC lj) = qFimC
m
lj + qFjmC
m
il
+qFlmC
m
ij + C
m
ijl ∂mG o(3)
· · · · · ·
(7)
Here the zeroth-order constraint can be interpreted as
a consistency condition for the effective potential. It is
worth noting that the expansion can be truncated at a fi-
nite order provided some higher-order constraint reduces
to a Killing equation,
D(i1 C i2 ··· in) = 0 , (8)
where the covariant derivative is constructed with the
Levi-Civita connection so that
DiC
j = ∂iC
j + Γjik C
k . (9)
Then Ci1···ip = 0 for all p > n and the constant of the
motion takes the polynomial form,
Q =
p−1∑
k=0
1
k!
Ci1···ik Πi1 · · ·Πik . (10)
It is worth noting that apart from zeroth-order conserved
charges which are independent of the covariant momen-
tum, all order-n invariants are deduced by the van Holten
method (7) involving rank-n Killing tensors of the curved
manifold [19]. Generating symmetries using Killing ten-
sors was first advocated by Carter in the context of the
Kerr metric [20].
In our set of constraints (7), a given Killing tensor is
the highest-order coefficient of the expansion (10), allow-
ing us to solve the truncated series of constraints and thus
generating a conserved quantity. The intermediate-order
constraints in (7) then determine the other coefficient-
terms of the invariant (10).
In what follows, our strategy will be to find conditions
for lifting to the “Kaluza-Klein” 4-space those Killing
tensors which generate, in flat space, the conserved an-
gular momentum and the Runge-Lenz vector of planetary
motion, respectively.
III. HIDDEN SYMMETRIES OF
GENERALIZED TAUB-NUT METRICS
Let us first investigate the symmetries of the [Abelian]
Kaluza-Klein monopole. The latter, obtained by imbed-
ding the Taub-NUT gravitational instanton into Kaluza-
Klein theory [4, 5, 21], provides us with an exact solu-
tion of four-dimensional Euclidean gravity approaching
the vacuum solution at spatial infinity,

ds2 = gij(~x)dx
idxj + h(~x)
(
dx4 +Akdx
k
)2
gij(~x) = f(~x)δij(~x)
(11)
where f(~x) , h(~x) and Ak are real functions and the
gauge potential of an Abelian magnetic field, respectively.
The Lagrangian function associated reads
L =
1
2
f(~x) ~˙x 2 +
1
2
f−1(~x)
( dx4
dt
+Ak
dxk
dt
)2
− U(r),
3where U(r) is an external scalar potential.
Inspired by Kaluza’s hypothesis, as the fourth dimen-
sion x4 is considered to be cyclic, we use the conserva-
tion of the “vertical” component of the momentum inter-
preted as a conserved electric charge,
p4 = h(~x)(dx
4/dt+ Akdx
k/dt) = q ,
to reduce the four-dimensional problem to one in three
dimensions, where we have strong candidates for the way
dynamical symmetries act [22]. Then, the lifting problem
can be conveniently solved using the Van Holten tech-
nique (7) based on Killing tensors. The geodesic motion
on the 4-manifold therefore projects onto the curved 3-
manifold with the metric gij(~x), augmented with an ef-
fective potential,
V (~x) = q2/2h(~x) + U(r) ,
such as {
x˙i = gijΠj , Πj = pj − q Aj ,
Π˙i = qFij x˙
j − ∂iV + Γ
k
ijΠkx˙
j .
(12)
Note that the Lorentz equation in (12) involves also in
addition to the monopole and potential terms, a curva-
ture term which is quadratic in the velocity.
Let us now focus Kaluza-Klein-type metrics (11) whose
hidden symmetries have been extensively investigated [6–
8, 21–37]. For geodesic motion on hyperbolic space, for
instance, Gibbons and Warnick [9] found a large class of
systems admitting such hidden symmetries.
We assume that the metric (11) is radial,
f(~x) = f(r), h(~x) = h(r) ,
and the magnetic field is that of a Dirac monopole of
charge g. In that event, the generator of spatial rotations,
Ci = gij(r) ǫ
j
kl n
k xl , (13)
applied to (7) provides us with the conserved angular
momentum involving the typical monopole term,
~J = ~x× ~Π− qg
~x
r
. (14)
Turning to second order Runge-Lenz-type conserved
quantities, we use the rank-2 Killing tensor,
Cij = 2gij(r)nkx
k − gik(r)njx
k − gjk(r)nix
k , (15)
inspired by its form in the Kepler problem. We therefore
deduce from (7) that:
1. For the original Taub-NUT case [4, 5] with no ex-
ternal scalar potential,
f(r) =
1
h(r)
= 1 +
4m
r
, (16)
where m is real1 [7, 8] we obtain, for the energy E
and the charge g = ±4m , the conserved Runge-
Lenz vector,
~K = ~Π× ~J − 4m
(
E − q2
) ~x
r
. (17)
2. Lee and Lee [38] argued that for monopole scat-
tering with independent Higgs expectation values,
the geodesic Lagrangian derived from (11) should
be replaced by L → L−W (r), where
W (r) =
1
2
a 20
1 +
4m
r
. (18)
It is easy to see that this addition merely shifts the
value of the energy by a constant a 20 /2, so the pre-
viously found Runge-Lenz vector (17) is still valid.
3. The metric associated with winding strings [39],
f(r) = 1, h(r) =
1(
1−
1
r
)2 , (19)
with charge g = ±1 , leads to the conserved Runge-
Lenz vector,
~K = ~Π× ~J − q2
~x
r
. (20)
4. The extended Taub-NUT metric [25, 26]
f(r) = b+
a
r
, h(r) =
a r + b r2
1 + d r + c r2
, (21)
with (a, b, c, d) real. With no external scalar po-
tential and charge g = ±1 , we have the conserved
Runge-Lenz vector,
~K = ~Π× ~J − (a E −
1
2
d q2)
~x
r
. (22)
5. Considering the oscillator-type metric discussed by
Iwai and Katayama [25], the functions f(r) and
h(r) take the particular form
f(r) = b+ ar2, h(r) =
ar4 + br2
1 + cr2 + dr4
. (23)
A direct calculation leads to the following Runge-
Lenz-type vector [25] ,
~K =
(
b+ ar2
)
~˙x× ~J + β
~x
r
, (24)
conserved only for a scalar potential of the form
W (r) = (
q2g2
2r2
+
β
r
)
1
f(r)
−
q2
h(r)
. (25)
1 Monopole scattering corresponds to m = −1/2 [21].
4IV. N-CENTER METRICS WITH SCALAR
CONSTANTS OF THE MOTION
The multi-center metrics in which we are interested
here are Euclidean vacuum solutions of the Einstein equa-
tions with self-dual curvature; they can be viewed as
generalizations of the previously investigated Taub-NUT
metrics.
Let us consider a particle moving in Gibbons-Hawking
space [40]. The Lagrangian function associated with this
dynamical system, derived from (11), is
L =
1
2
f(~x) ~˙x 2 +
1
2
f−1(~x)
( dx4
dt
+Ak
dxk
dt
)2
− U(~x),
where the functions f(~x) obey the “self-dual” condition
~∇ f(~x) = ±~∇× ~A . f(~x) satisfies therefore the three-
dimensional Laplace equation,
∆ f(~x) = 0 ,
whose most general solution is given by
f(~x) = f0 +
N∑
i=1
mi
|~x− ~ai|
, (f0, mi) ∈ R
N+1.
The multicenter metric admits multi-NUT singularities
so that the position of the ith NUT singularity with the
charge mi is ~ai . These singularities can be removed
provided to have all NUT charges equal. In this case, the
cyclic variable x4 is periodic with range 0 ≤ x4 ≤ 4πm .
We are thus interested in the projection of the motion on
the curved 3-manifold whose metric is,
gjk(~x) = (f0 +
N∑
i=1
mi
|~x− ~ai|
) δjk . (26)
For simplicity, we limit ourselves to two-center metrics,
f(~x) = f0 +
m1
|~x− ~a|
+
m2
|~x+ ~a|
. (27)
Turning to rotational symmetry, the rank-1 Killing tensor
satisfying the second-order equation in (7),
Ci = gimǫ
m
lkaˆ
lxk , aˆ = ~a/a , (28)
generates rotational symmetry around the axis through
the two centers. The corresponding conserved quantity,
Ja = (~x× ~Π) · aˆ− q(f(~x)− f0)~x · aˆ+
qam1
|~x− ~a|
−
qam2
|~x+ ~a|
,
is the projection of the angular momentum onto the axis
of the two centers.
Now we study quadratic conserved quantities by con-
sidering the reducible rank-2 Killing tensor,
Cij = 2gimgjnǫ
m
lkǫ
n
pq aˆ
laˆpxkxq + 2gilgjmaˆ
laˆm , (29)
which is a symmetrized product of the Killing-Yano ten-
sors, Ci = gimǫ
m
lk aˆ
l xk generating rotations around the
axis of the two centers and Cj = gjmaˆ
m generating spa-
tial translation along the axis of the two centers. In-
jecting (29) into the system of constraint (7) yields, for
vanishing effective potential U = 0, the Casimir, which
combines the square of the projected angular momentum
with the square of the component of the covariant mo-
mentum along the axis,
Q = J 2a +Π
2
a . (30)
As expected from the construction of the associated
Killing tensor [6], the obtained conserved quantity is a
combination of two constant of the motion [27].
Now introducing into (7) the rank two Killing tensor
generating Kepler-type dynamical symmetry provides us
with the conserved scalar,
Ka =
(
~Π× ~J
)
·
~a
a
+
β
q
(La − Ja) , (31)
where β ∈ R. Ka therefore represents, for the
two-center metrics (26), a conserved Runge-Lenz-type
scalar for particle motion confined onto the “Appolo-
nius” two-sphere2 [22] of center at ~a ρ and with radius
R = a
√
ρ2 − 1 , provided the effective potential is of the
form,
W =
q2
2
(f(~x)− f0)
2 + β(f(~x)− f0) + γ (32)
γ a constant, which satisfies the consistency condition
given by the zeroth-order constraint of (7).
It is worth mentioning that a scalar Runge-Lenz-type
conserved quantity does exist only for a particle moving
along the axis of the two centers, or for motions confined
onto the “Apollonius” two-sphere defined above. In
the Eguchi-Hanson case m1 = m2 , and the 2-sphere is
replaced by the median plane of the two centers [22].
The (N ≥ 3)-centers metrics of the form
gjk(~x) = f(~x)δjk = (f0 +
N≥3∑
i=1
mi
|~x− ~ai|
) δjk (33)
can also be investigated, but they carry no Runge-Lenz-
type symmetry for N ≥ 3 non aligned centers. To obtain
this result, let us first generalize the rank-2 Killing tensor
(15) generating the Runge-Lenz vector as
Cij = 2gij(~x)nkx
k − gik(~x)njx
k − gjk(~x)nix
k . (34)
Requiring the Killing equation to be satisfied as
D(kC ij) = 0 , (35)
2 This sphere was known already by Apollonius of Perga in the
2th century BC.
5a tedious calculation then provides us with the condition
~n×
(
~x× ~∇ f(~x)
)
= 0 . (36)
For the metric (33) above this requires
N∑
i=1
(
~n · ~x
)
~ai −
(
~n · ~ai
)
~x
|~x− ~ai|3
= 0 , (37)
which can not be satisfied for more than two non-aligned
centers. The only possibility we get for (37) to be satis-
fied by more than two centers is to have all of them in
the same alignement describing a straight line of centers.
V. THE NON-ABELIAN CASE : THE
DIATOMIC MOLECULE
In Ref. [41] Moody, Shapere and Wilczek have shown
that nuclear motion in a diatomic molecule can be de-
scribed, in the Born-Oppenheimer approximation, by an
effective non-Abelian gauge field of “hedgehog” form,
A ai = (1− κ)ǫiaj
xj
r2
, F aij = (1 − κ
2)ǫijk
xkxa
r4
. (38)
This gauge field mimics the structure of that of a non-
Abelian monopole [42, 43]. Note here the unquantized
constant real factor (1−κ2) . The potential (38) becomes
that of a Wu-Yang [i.e., an imbedded Dirac] monopole of
unit charge when κ = 0; for other values of κ, it is a truly
non-Abelian configuration - except for κ = ±1, when it
is a gauge transform of the vacuum.
Now we investigate the symmetries of an isospin-
carrying particle carrying unit charge, evolving in the
monopole-like field of the diatom (38) plus a scalar po-
tential. The Hamiltonian describing the dynamics of this
particle is finally expressed as
H =
~π2
2
+ V (~x, ~π, Ia) , πi = pi −A
a
i I
a .
Defining the covariant Poisson-brackets as
{
M,N
}
= DjM
∂N
∂πj
−
∂M
∂πj
DjN + I
aF ajk
∂M
∂πj
∂N
∂πk
−ǫabc
∂M
∂Ia
∂N
∂Ib
Ic ,
the non-vanishing brackets are
{xi, πj} = δ
i
j , {πi, πj} = I
aF aij , {I
a, Ib} = −ǫabcI
c .
The equations of motion governing an isospin-carrying
particle in the static non-Abelian gauge field (38) read

x¨i − I
aF aij x˙
j +DiV = 0 ,
I˙a + ǫabc I
b(Acj x˙
j −
∂V
∂Ic
) = 0 .
(39)
These equations generalize the Kerner-Wong equations
(6) to an additional scalar potential.
Turning to the conserved quantities constructed with
the van Holten algorithm, the zeroth-order conserved
charge which used-to-be interpreted as electric charge for
κ 6= 0,
Q =
~x · ~I
r
, (40)
is not more covariantly conserved in general,{
Q,H
}
= ~π · ~DQ, DjQ =
κ
r
(Ij −Q
xj
r
). (41)
Detailed calculation shows that the equation DjQ = 0
can only be solved, for an imbedded Abelian monopole
field, when κ = 0,±1 .
Nor is Q2 conserved,
{
Q2,H
}
= 2κQ(~π · ~DQ) . but
note that, unlike Q2, the length of the isospin, I2, is
conserved,
{H, I2} = 0 . (42)
These results are consistent with those in [44].
Turning to linear conserved quantities, we use the
Killing vector generating spatial rotations,
~C = ~n× ~x , (43)
to build up the conserved angular momentum,
~J = ~x× ~π − (1− κ)Q
~x
r
− κ~I. (44)
Moody, Shapere and Wilczek [41] did find this expres-
sion for κ = 0 but, as they say it, “they are not aware of a
canonical derivation when κ 6= 0”. Our construction here
is an alternative to that of Jackiw [45], who obtained it
using the method of Ref. [46].
We now consider the rank- 2 Killing tensor,
Cij = 2δijx
2 − 2xixj , (45)
which satisfies the third-order constraint in (7). The
Killing tensor (45) thus yields the conserved Casimir,
L2 =
(
~x× ~π
)2
= x2~π2 −
(
~x · ~π
)2
, (46)
which is the square of non-conserved orbital angular mo-
mentum, ~L = ~x × ~π . Since J2 and L2 are both con-
served, the new charge,
Γ = J2 − L2 =
(
1− κ
)2
Q2 − κ2~I2 − 2κ ~J · ~I , (47)
is conserved for motion in the monopole-like field of di-
atomic molecule. It is worth noting that the charge Γ
becomes, in the Abelian limit κ = 0 , the square of con-
served electric charge.
Just like ~J , J2 and L2 , the charge Γ is conserved
for any radially symmetric potential, V (r) . Γ can also
be obtained by using the Killing vector,
~C = 2κ
(
~x× ~I
)
, (48)
in the van Holten algorithm (7). We note at last, that
no Runge-Lenz-type conserved quantity could be found
in this case except in the Abelian case, cf. [18].
6VI. CONCLUSION
We studied the geodesic motion of a particle in Kaluza-
Klein-type monopole spaces and in its Gibbons-Hawking
generalization. As illustrations, we treated in detail the
generalized Taub-NUT metrics, for which we derived
Runge-Lenz-type vectors. We considered the subclass of
two-center metrics into which a conserved Runge-Lenz-
type scalar has been revealed in the special case of mo-
tions confined onto a particular “Apollonius” sphere. For
the (N ≥ 3)-center metrics, we demonstrated that no
symmetry of the Kepler-type occurs for non-aligned cen-
ters. We also treated the case of the effective “truly” non-
Abelian monopole-like field generated by nuclear motion
in a diatomic molecule. This system is due to Wilczek
et al. where despite the non-conservation of the electric
charge (41), we surprisingly constructed, in addition to
the “unusual” angular momentum (44), a new conserved
charge (47).
It is worth mentioning that apart from the generic
importance of constructing conserved quantities to con-
fine classical trajectories to conic sections as in the case
of Kepler-type systems, the existence of quadratic con-
served quantity like Runge-Lenz vector yields, in particu-
lar, the separability of the Hamilton-Jacobi equation for
the generalized Taub-NUT and two-center metrics.
“Hidden” symmetries also play a roˆle in quantum me-
chanics. The system may be quantized by the usual pro-
cedure of replacing Poisson brackets with commutators
and in this way the energy levels and degeneracies of
Kepler-type systems may be found using dynamical sym-
metries.
We mention in conclusion that the van Holten’s
method can also be extended to study supersymmetries,
cf. [47].
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